1. Let G be a group of finite order g and let U be a subgroup of order g. If f is a complex-valued class function defined on G, i.e. a function whose value remains constant on each of the conjugate classes K1, K2, . . . K, of G, then f can be expressed by the values of the irreducible characters xi, X2, . . *, Xk of G. If we can find a class function f on G, a class function f on G, and an element a of a such that f(a) = J(a), this yields a relation between the values of xi, X2,..., and the values of the irreducible characters xl, X22 . . . of G for a.
2. We shall assume that the order g is even. Then G contains involutions, i.e.
elements of order 2. Let Ka and Kp be two fixed conjugate classes of involutions.
For any a EE G, let fp(a) denote the number of ordered pairs (t, ) of elements of G such that n =a, 4E Ka, K EKe.
Then fags is a class function. Let J,. be a representative for the class Ke. If c(r) denotes the order of the centralizer C(r) of an element T E G, then,
where xi = Xt(l) is the degree of xi.
The elements r of G for which r-laD is either a or a-1 form a subgroup C*(q), 
3. We shall use the same notation in G as introduced in G with tilde signs added.
Thus, k1, K2, . . . will denote the conjugate classes of G, etc. The remarks above yield at once the result: LEMMA 2. Suppose that G satisfies the condition 
where the range of X and u is the same in (5) and (6).
4. It follows from §1 that (3) represents an equation between xi(a), x2(a), while (6) represents an equation between xi(o), X2(a), . . . and j1(u), j2('),.
We can use the theory of blocks' to derive relations which can be handled more easily. Let p be a fixed prime and let P be a p-element of G. We shall take a = PR, where R is an arbitrary p-regular element of C(P). If no element of Ka transforms P into P'l, no element of Ka transforms a into -' and (3) applies. In the case of Lemma 2, we assume G D C*(P). This implies (4) for a = PR and (6) holds. We can now use the formulas (3) of Bi to express xA(PR) by means of the generalized decomposition numbers dPp and the values sppp (R) of the functions of a basic set pb for the p-blocks b of C(P). In the case of (6), the corresponding formulas can be applied in G; the same basic set pb can be used. Because of the linear independence of the union of the sets pb for all p-blocks b of C(P), the coefficients of each p P in the resulting equations must be equal. This yields the following propositions: PROPOSITION 1. Let G be a finite group of even order. Let p be a prime, let P be a p-element of G, and let sp P be a member of a basic set q't, for a p-block b of C(P 
A Here, x,. ranges over the irreducible characters of the block B = bG, the dp are the corresponding generalized decomposition numbers, and xA = XA(l).
PROPOSITION 2. Let G be a group of even order g. Let p be a prime and let P be a p-element of G. Suppose that U is a subgroup of order -of G such that G D C*(P).
If Ja and J,6 are two involutions of G and if so/p is a member of a basic set 'pb for a p- Here, the notation on the left is the same as in (7) while on the right, A ranges over the indices for which the irreducible character x,, of G belongs to A = bG, x = xi(1), and dAPp is the corresponding generalized decomposition number. Finally, hga = Ex (JA)/c (Jo),
with { JI, } ranging over a system of representatives for the G-classes included in the G-class of Ja. The definition of h,, is analogous. The advantage of (7) and (8) compared to (3) and (6) is that if B is a p-block of defect d, then g here ranges over at most p2d values. Moreover, if pd is given, only a finite number of possibilities for the dp, d p occur. Of course, the sum on the right depends only on U.
5. If b = bo is the principal block of C(P), then B = boG is the principal block of G. Its defect is the highest exponent n for which pf divides g. Then we may assume that 1 E 'Pb. It follows from Bl, Theorem 5, that we may assume that all Id'I lie below yo(pn) 1/2. If (p/ = 1, then for the principal character xo E Bo, dp = 1. If the sum in (7) for a = ,3 is denoted by u, either u cannot differ too much from 1, or there must exist a x, 5 xo in B such that Xp(Ja) 2/X lies above a positive bound depending only on pn.
The following theorems can be obtained by this method. THEOREM 1. Let G be a group of even order g and let J be an involution of G. Let p be a prime, g = pngo with go E Z, (go, p) = 1 and let P be a p-element of G. Finally, let A > 1 be a given real number. Then, we have at least one of the following two cases:
Case I. The value of g is determined approximately by C*(P) and c(J); 5. We shall say that a group G is corefree with regard to p, if {1} is the only normal subgroup of order prime to p, i.e. if K,(G) = {I }.
Let H be a given p-group. The question arises whether or not there exist infinitely many corefree groups G with H as their p-Sylow group. We can answer this question when p = 2 and H is abelian. THEOREM 4. Let H be an abelian 2-group. There exist infinitely many groups G, corefree with regard to 2 and with H as their 2-Sylow group, if and only if H has a direct factor which is elementary abelian of type (2,2). THEOREM 5. Let H be an abelian 2-group of order 2n > 8 which has no direct factor which is elementary abelian of type (2,2,2). There exist only finitely many simple groups G with H as their 2-Sylow subgroup.
